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Elastic scattering losses from colliding BEC’s
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2 Soltan Institute for Nuclear Studies, Hoz˙a 69, PL-00-681 Warsaw, Poland.
Bragg diffraction divides a Bose-Einstein condensate into two overlapping components, moving
with respect to each other with high momentum. Elastic collisions between atoms from distinct
wave packets can significantly deplete the condensate. Recently Zin´ et al. (Phys. Rev. Lett. 94,
200401 (2005)) have introduced a model of two counter-propagating atomic Gaussian wavepackets
incorporating dynamics of the incoherent scattering processes. Here we study the properties of this
model in detail, including the nature of the transition from spontaneous to stimulated scattering.
Within the first order approximation we derive analytical expressions for the density matrix and
anomalous density which provides excellent insight into correlation properties of scattered atoms.
I. INTRODUCTION
A light-induced potential applied to a Bose-Einstein
condensate can be used to make high momentum daugh-
ter BEC wavepackets, which propagate through the par-
ent condensate [1, 2, 3]. Such technique have been used to
make an atom laser [4], to study the coherence properties
of condensates [3, 5, 6], and to study nonlinear four-wave
mixing (4WM) of coherent matter waves [7, 8, 9, 10].
In the process of a collision between two condensates, in-
evitably, some atoms would scatter away, forming often a
noticeable hallo around the region of collision. The hallo
at the level above noise indicates a profuse elastic scatter-
ing losses, and has been observed in various experiments,
for example [2, 11, 12].
A scheme of such a process is illustrated in Fig. 1,
where the collision of two condensates having mean
wavevector ±Q is shown in the momentum space. The
condensates are denoted by large dots and marked
as ψ±Q. Atoms from these two counter–propagating
wavepackets undergo elastic collisions and can be scat-
tered out into all the modes permitted by the energy and
momentum conservation (a pair of such states is marked
with small dots). These modes lie within the three di-
mensional shell, which in Fig. 1 is represented by the gray
ring.
The elastic scattering loss is not accounted for by the
Gross-Pitaevskii Equation (GPE). Recently, some modi-
fications of the GPE were proposed in order to incorpo-
rate this loss into the mean field dynamics. This has been
done either within the slowly varying envelope approxi-
mation by adding an imaginary part to the scattering
length [13], or by including a stochastic component to
mimic quantum field fluctuations [14, 15]. Interesting re-
sults were also obtained using method based on the field
theory formulation in the lowest order of the perturba-
tion approximation [16, 17]. So as to test the validity of
various approximate schemes an exact (nonperturbative)
model of collisional losses was proposed [18]. It is valid
both in the regime of spontaneous initiation and Bose en-
hancement. This model assumes spherical non-spreading
Gaussians for the colliding wave packets and is capable
of treating the number of scattered atoms as well as their
statistical properties through the higher order correlation
functions.
Here we study this model in more detail, including the
nature of the transition from spontaneous to stimulated
scattering and statistical properties of scattered atoms.
We also provide a link to previous results obtained within
the perturbation approximation.
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FIG. 1: Collision of condensates in momentum space. Big
dots denoted as ψ±Q represent colliding condensates. Small
dots represent scattered atoms. Dashed lines represent ani-
hilation of atoms, solid lines represent creation of atoms; it
should help to imagine anihilation of two atoms, one from each
of the condensates, and creation of two atoms in such states,
that the momentum and energy of the system is conserved.
II. THE MODEL
A system of Bosons interacting via contact potential is
described by the Hamiltonian
H = −
∫
d3r Ψˆ†(r, t)
h¯2∇2
2m
Ψˆ(r, t)
+
g
2
∫
d3r Ψˆ†(r, t)Ψˆ†(r, t)Ψˆ(r, t)Ψˆ(r, t), (1)
2where Ψˆ(r, t) is a field operator satisfying equal time
bosonic commutation relations, m is the atomic mass
and g determines the strength of the inter-atomic inter-
actions. Since the Hamiltonian (1) is of the fourth order
in Ψˆ, the Heisenberg equation governing the evolution of
the field,
ih¯∂tΨˆ(r, t) = − h¯
2∇2
2m
Ψˆ(r, t) + gΨˆ†(r, t)Ψˆ(r, t)Ψˆ(r, t),(2)
is nonlinear and thus, in general, analytically and nu-
merically untractable. However, for some physical sys-
tems, a Bogoliubov approximation can be applied lead-
ing to linear Heisenberg equations. The idea underly-
ing this approximation states that for some cases the
field operator might be split into two parts: ψ and δˆ.
The first contribution describes macroscopically occupied
modes, where the fluctuations are usually small; hence
its operator character might be dropped (ψ becomes a c-
number wave-function satisfying GPE). The second part
δˆ, called, “above mean field part”, representing fluctua-
tions, requires full quantum mechanical treatment. Since
the initial state of the system consists of two counter-
propagating atomic wave-packets and the “sea” of unoc-
cupied modes, Bogoliubov approximation can be applied.
The splitting of the bosonic field is performed in the fol-
lowing manner:
Ψˆ(r, t) = ψQ(r, t) + ψ−Q(r, t) + δˆ(r, t), (3)
where the subscript ±Q denotes the mean momentum
of the colliding condensates and ψQ(r, t)+ψ−Q(r, t) sat-
isfies the time-dependent GPE. Upon inserting Eq. (3)
into the Heisenberg equation (2) one obtains on the right
hand side several terms, of which, in the spirit of the
Bogoliubov approximation, we keep only those up to the
first order in δˆ,
ih¯∂tδˆ(r, t) = (4)[
− h¯
2∇2
2m
+ 2g|ψQ(r, t)|2 + 2g|ψ−Q(r, t)|2
+ 2gψ∗Q(r, t)ψ−Q(r, t) + 2gψ
∗
−Q(r, t)ψQ(r, t)
]
δˆ(r, t)
+g
[
2ψQ(r, t)ψ−Q(r, t) + ψ2Q(r, t) + ψ
2
−Q(r, t)
]
δˆ†(r, t).
The above equation can be simplified using follow-
ing arguments. First, we expect that for as long
as the mean kinetic energy of the scattered atoms
(h¯2Q2/(2m)) is much larger than the interaction en-
ergy (gn, where n is the mean density of the atoms
in the condensate), the mean field energy terms
[2g|ψQ(r, t)|2 + 2g|ψ−Q(r, t)|2 + 2gψ∗Q(r, t)ψ−Q(r, t) +
2gψ∗−Q(r, t)ψQ(r, t)], can be dropped, leading to
ih¯∂tδˆ(r, t) = − h¯
2∇2
2m
δˆ(r, t) (5)
+g
[
2ψQ(r, t)ψ−Q(r, t) + ψ2Q(r, t) + ψ
2
−Q(r, t)
]
δˆ†(r, t).
To make further simplifications more transparent, we
visualize effects of various terms in the momen-
tum space using schematic picture. The first term,
2gδˆ†(r, t)ψQ(r, t)ψ−Q(r, t), is a source term. It corre-
sponds to annihilation of two particles from counter-
propagating condensates and creation of two particles in
the field of the “sea” of scattered atoms. An example
of such a process is illustrated in Fig. 1. The second
term, gδˆ†(r, t)
[
ψ2Q(r, t) + ψ
2
−Q(r, t)
]
, as shown in Fig. 2,
describes annihilation of a pair of particles from the same
condensates (either ψQ or ψ−Q) and creation of two par-
ticles in the δˆ field. As seen from Fig. 2, this process
is non-resonant, leading to violation of the conservation
laws.
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FIG. 2: Visualisations of gδˆ†(r, t)
[
ψ2Q(r, t) + ψ
2
−Q(r, t)
]
term.
Figure a) represents the term proportional to ψ2−Q. Two
atoms are anihilated from ψ−Q and scattered to such states
that the momentum is conserved. Analogeous plot b) is a
visualisation of term proportional to ψ2Q.
The above arguments imply that the Bogoliubov equa-
tion (5) can be simplified by dropping the off-resonant
term and leaving only the source term. The evolution
equation for the δˆ field finally becomes
ih¯∂tδˆ(r, t) = − h¯
2∇2
2m
δˆ(r, t) + 2gψQ(r, t)ψ−Q(r, t)δˆ†(r, t).
(6)
To simplify the dynamics even further we define and
compare three characteristic timescales of the problem.
Let σ and N/2 be the width and number of particles
in each of the colliding condensates. Then, the col-
lisional time, (the time it takes for each wave-packet
to pass through its colliding partner) is defined by:
tC = (mσ)/(h¯Q). Another characteristic timescale of
the problem is the linear dispersion time (time of the
spread of the wave-packet due to kinetic energy term),
tLD = mσ
2/h¯ [9]. In the same manner the nonlinear
dispersion time, which is the time of ballistic expansion
in Thomas Fermi approximation [19], can be defined:
tND =
√
pi3/2mσ5/gN . The dynamics of the system
depends on the relations between these timescales. It is
convenient to introduce the following dimensionless pa-
rameters: tLD/tC = β and (tLD/tND)
2 = α. When the
number of elastically scattered atoms is small in compar-
3ison with the total number of atoms in both wave-packets
and both linear and nonlinear dispersion timescales are
much longer than the collision time ((tLD/tC) = β ≫ 1
and (tND/tC)
2 = β2/α≫ 1), we can neglect the change
in population and shape of the macroscopically occupied
functions ψ±Q(r, t) during the collision. In our model we
assume Gaussian shape of the colliding condensates
ψ±Q(r, t) =
√
N
2pi3/2σ3
exp
[
±iQx1 − ih¯tQ
2
2m
]
×
exp
[
− 1
2σ2
((
x1 ∓ h¯Qt
m
)2
+ x22 + x
2
3
)]
, (7)
where r = (x1, x2, x3). Although the assumption that
the Gaussians have spherical symmetry is not the most
general, it makes the problem numerically tractable and
allows to get insight into all relevant physical aspects of
the system.
Upon substitution (7) into (6), and then rescaling the
variables r/σ → r we obtain:
iβ∂tδˆ(r, t) = −1
2
∆δˆ(r, t) + αe−r
2−t2−iβtδˆ†(r, t). (8)
Next we switch to dimensionless field operators substi-
tuting δˆ(r, t)σ3/2 → δˆ(r, t). Notice, that assumption of
spherical symmetry of the colliding wave-packets imposes
such symmetry on Eq. (8). Thus it is convenient to de-
compose δˆ into the basis of spherical harmonics
δˆ(r, t) =
∑
n,l,m
Rn,l(r)Ylm(θ, φ)aˆn,l,m(t), (9)
where aˆn,l,m are annihilation operators for a particle in
the mode described by n, l,m quantum numbers. There
is still a freedom of choice with regards to the set of
orthogonal functions Rn,l(r). As we shall see below a
good candidate is a set of eigenfunctions of spherically
symmetric harmonic oscillator,
Rn,l(r) =
√
2n!a−30
Γ(l + n+ 32 )
(
r
a0
)l
e
− r2
2a2
0 L
l+ 1
2
n
(
r2
a20
)
,
(10)
where L
l+ 1
2
n (x) is the associated Laguerre polynomial [20]
and a0, a harmonic oscillator length, is an auxiliary free
parameter that can be chosen to minimize the computa-
tional effort. Notice, that the choice of orthogonal basis
preserves bosonic commutation relations for annihilation
and creation operators an,l,m.
[an,l,m, a
†
n′l′m′ ] = δnn′δmm′δll′ (11)
[an,l,m, an′l′m′ ] = 0, [a
†
n,l,m, a
†
n′l′m′ ] = 0. (12)
Substituting Eq. (9) into Eq. (8) and making use of the
completeness of the basis functions we obtain the equa-
tion governing the evolution of operator an,l,m,
i∂taˆn,l,m = Bn,laˆn,l,m +Dn,laˆn−1,l,m
+Dn+1,laˆn+1,l,m +
α
β
e−t
2
∑
n′
Cn,n′,laˆ
†
n′,l,−m, (13)
where En,l = (2n + l + 3/2)/a
2
0, Bn,l = (En,l − β2)/2β,
Dn,l =
√
n(n+ l + 1/2)/(2βa20), and
Cn,n′,l =
∫ ∞
0
r2dr Rn,l(r) exp(−r2)Rn′l(r) =
=
√√√√ Γ (n+ l + 32)Γ (n′ + l + 32)
Γ
(
l + 32
)2
Γ (n+ 1)Γ (n′ + 1)
(
1 + a20
)−l− 3
2
×
[
a20
1 + a20
]n+n′
F
(
−n,−n′, l + 3
2
, 1/a40
)
. (14)
Here F (a, b, c, x) is a hypergeometric function [20]. No-
tice that all coupling coefficients are calculated analyti-
cally and the aˆn,l,m operators for different l and m are
decoupled. Moreover, equations (13) do not depend on
quantum number m. With all these simplifications the
linear system of equations (13) can be solved numerically.
The general three-dimensional problem, due to spherical
symmetry simplifies to the set of one-dimensional ordi-
nary differential equations. In numerical applications, for
every l a basis of approximately 64 modes associated with
quantum number n is sufficient. Moreover, simulations
show that 50 modes associated with quantum number l
is usually enough. Thus the whole quantum model can
be solved numerically on an ordinary PC within one hour
of calculations!
We define a vector of operators:
vl,m(t) =


aˆ0,l,m
aˆ1,l,m
...
aˆnmax,l,m
aˆ†0,l,−m
aˆ†1,l,−m
...
aˆ†nmax,l,−m


,
and rewrite the equation (13) in the compact form:
i
d
dt
vl,m(t) = Aˆl(t)vl,m(t). (15)
The matrix Aˆl(t) is plotted schematically in Fig. 3.
The solution vl,m(t) can be expressed in terms of the
time evolution operator:
vl,m(t) = Uˆl(t)vl,m(0). (16)
The evolution operator satisfies equation
dUˆl(t)
dt
= −iAˆl(t)Uˆl(t) (17)
with the initial condition Uˆl(0) = 1. In our calculations
we evaluate Aˆl(t) and find evolution matrix Uˆl(t) by
4B
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FIG. 3: Visualisation of Aˆl(t) matrix from Eq.(15). It is
tri-diagonal in coupling an,l,m’s with an′,l,m’s and a
†
n,l,−m’s
with a†
n′,l,−m
’s. The coupling between an,l,m’s and a
†
n′,l,−m
’s
is determined by −α
β
e−t
2
Cn,n′,l. In general, all Cn,n′,l’s are
non-zero, which is represented by grey area.
solving Eq. (17). The matrix Uˆl(t) uniquely determines
full operator dynamics of δˆ(r, t) and hence is sufficient to
obtain any expectation value of the variables referring to
the system.
Equation (8) can be treated alternatively in the Fourier
domain. Upon defining the Fourier transform in the form
δˆ(r, t) =
(
β
2pi
)3/2 ∫
d3k exp
(
iβkr− iβk2t/2) δˆ(k, t),
we can rewrite Eq. (8) as
i∂tδˆ(k, t) =
αβ2
8pi3/2
e−t
2
∫
d3k exp
(
−β
2(k + k′)2
4
)
× exp
(
−iβt
(
1− k
2 + k′2
2
))
δˆ†(k′, t). (18)
We took this particular form of the Fourier transform
(with factor β) so that the wavevector of the moving
condensate is equal to unity.
III. FIRST ORDER PERTURBATION THEORY
The advantage of using Fourier transform lies in the
fact, that the equation (18) can be used in a natural
way as a basis of the perturbative expansion. Assum-
ing a general solution of δ(k, t) in a perturbative form,
δ(k, t) = δ(0)(k, t)+ δ(1)(k, t)+ . . ., we derive a recurrent
relation, which in the lowest order gives
i∂tδˆ
(1)(k, t) =
αβ2
8pi3/2
e−t
2
∫
d3k′ exp
(
−β
2(k + k′)2
4
)
× exp
(
−iβt
(
1− k
2 + k′2
2
))
δˆ(0)†(k′, t). (19)
The first order equation (19) can be integrated and con-
sequently we can evaluate observable quantities like num-
ber of scattered atoms or the correlation functions ana-
lytically.
A. Density matrix
In this subsection we find the approximate expression
for the density matrix of scattered atoms,
ρ(k1,k2, t) = 〈δˆ†(k1, t)δˆ(k2, t)〉, (20)
within the first order perturbation theory. We perform
the calculations in the momentum space.
Our system is initially in the vacuum state |Ω〉, that is
δˆ(k, 0)|Ω〉 = 0. Hence, due to the commutation relation,
[δˆ(k, t), δˆ†(k′, t)] = δ3(k − k′), at initial time we have
〈δˆ(k, 0)δˆ†(k′, 0)〉 = δ3(k− k′). (21)
Then, upon substituting Eq. (19) into (20), and using
Eq. (21), we obtain
ρ(k1,k2, t) =
α2β4
64pi3
∫ t
0
dτ
∫ t
0
dτ ′ exp
(−τ2 − τ ′2)
× exp
(
−β
2(k21 + k
2
2)
4
− iβ(τk21 − τ ′k22)/2
)
×
∫
d3k exp
(
−β
2(k2 + k(k1 + k2))
2
)
× exp (iβ(τ − τ ′) (1− k2/2)) . (22)
We show how to handle the above integral in Appendix
A. For β ≫ 1 and β|k1 + k2| ≫ 1 the density matrix
reduces to
ρ(k1,k2, t) =
α2β
√
2pi
32pi2
exp
(
−β
2|k1 − k2|2
8
)
×
∫ t
0
dτ
∫ t
0
dτ ′ exp
(
− (τ − τ
′)2|k1 + k2|2
8
)
× exp
(
−τ2 − τ ′2 + iβτ
(
1− |k1 + k2|
2
8
− k
2
1
2
))
× exp
(
−iβτ ′
(
1− |k1 + k2|
2
8
− k
2
2
2
))
. (23)
This expression, although it still contains twofold inte-
gral over time, is simple enough to give the distribution
of scattered atoms, and provide a further insight into co-
herence properties and dynamics of scattering process.
B. Final momentum distribution and coherence
properties of scattered atoms
From the last expression in the previous section
(Eq. (23)) the density matrix becomes negligible if
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FIG. 4: Configuration of vectors k1 and k2 as in case a). The
vectors are of the same length, with angle φ between them.
The dashed circle corresponds to k = 1 and the grey area is
the scattering shell. The length of each of the vectors differs
from unity by ∆k.
any of the arguments β|k1 − k2|, β
(
1− |k1+k2|28 −
k2
2
2
)
or β
(
1− |k1+k2|28 −
k2
1
2
)
, appearing in the exponential
functions, are large (remember that we work under con-
stant assumption β ≫ 1). Hence the only regions where
we expect nonvanishing value of ρ(k1,k2, t) are those,
for which wavevectors k1 and k2 are close to each other
(|k1 − k2| ≪ 1), and they both have the length close to
unity (notice that in our units this coincides with the
length of the wavevector of the colliding condensates). It
is interesting to examine two cases:
a) Equal length case; k1 = k2 ≡ 1 + ∆k. In this case
(see Fig. 4) the vectors k1 and k2 are of equal length
and form an angle φ. The properties of the density ma-
trix strongly depend on the distance from the resonance
surface ∆k. For small values of ∆k and small angles φ
the density matrix can be approximated by the Gaussian
function
ρ(∆k, φ) = A · exp
(
−β
2φ2
8
− β
2∆k2
2
)
. (24)
The constant A = α2β
128
√
pi
[
1 + 2piArcTan
(
1
2
√
2
)]
was
found evaluating (23) analytically on resonance (k1 = k2
and |k1| = 1). Notice that Eq. (24) for φ = 0 repre-
sents the density of the cloud of scattered atoms. The
cloud has spherical symmetry, following the symmetry of
Eq. (8). It takes a form of a shell localized around k = 1
(which corresponds to wave-vector Q in our units). Its
width is of order to 1/β.
b) Parallel vectors case; k1 ‖ k2 (see Fig.5). Wavevec-
tors are shifted away from the resonance in the opposite
direction (k1 = e(1−∆k) and k2 = e(1 + ∆k)). In this
case we also find a Gaussian fit
ρ(∆k) = A · exp
(
−2
3
β2∆k2 + iβ∆k
)
.
This concludes our analysis of the density matrix. Now
we move on to the first order correlation function
g1(k1,k2, t) =
〈δˆ†(k1, t)δˆ(k2, t)〉√
〈δˆ†(k1, t)δˆ(k1, t)〉〈δˆ†(k2, t)δˆ(k2, t)〉
.
(25)
k 1 Dk
k 2Dk
FIG. 5: Configuration of vectors k1 and k2 as in case b). The
vectors are parallel. The dashed circle corresponds to k = 1
and the grey area is the scattering shell. The lengths of k1
and k2 differ from unity by ±∆k.
We find that in the case a)
g1(∆k, φ) = exp
(
−β
2φ2
8
)
, (26)
while in the case b)
g1(∆k) = exp
(
−1
6
β2∆k2 + iβ∆k
)
. (27)
By comparing Eq. (27) describing the coherence in the
radial direction - g1(∆k), and Eq. (24) describing the
density ρ(∆k, φ = 0) it seems reasonable to assume that
the radial coherence length of the shell of scattered atoms
is of the same order as its width. Following this obser-
vation we present a very rough estimate of the number
of atoms necessary for the bosonic stimulation to occur.
First we introduce the concept of the coherence volume
associated with each scattered atom. It is determined by
the first order correlation function. If we fix k1 and vary
k2 we get a well defined peaked structure around k2 = k1.
The size of this structure gives the coherence volume as-
sociated with the single atom (see Fig. 6). As we have
already shown, the radial extend of this structure is of
order of 1/β. From Eq. (26) we deduce that the angular
coherence length is of the same order 1/β. Hence we esti-
mate the coherence volume to be equal to 1/β3. Next we
remind ourselves that the volume V in the momentum
space accessible by the scattered atoms is spherical shell
determined by the diagonal part of the density matrix.
In our case V = 4pi/β. When the product of the number
of scattered atoms times their coherence volume is com-
parable with V , the coherence volumes associated with
distinct atoms start to overlap (see Fig. 6). Then, the
wave nature of matter comes into play, and interference
effects would enhance the scattering - bosonic stimula-
tion [21]. Using the above estimates, the critical number
of atoms is equal to 4piβ2. In the next section, we derive
more practical criterion for bosonic stimulation to show
up in the collision of the condensates.
6FIG. 6: The artistic representation of the atomic coherence.
Final states of scattered atoms lie on the spherical shell and
the coherence volume of each atom is marked as a dark region
in this shell. Case a) corresponds to weak scattering and in
b) individual coherence volumes start to overlap.
C. Number of scattered atoms for t≫ 1/β
The most straightforward observable quantity, the
number of scattered atoms as a function of time can be
expressed in terms of the trace of the density matrix
S(t) =
∫
d3k ρ(k,k, t). (28)
Using Eq. (23) we get:
S(1)(t) = α
2β
4
√
2pi
∫ ∞
0
k2 dk
∫ t
0
dτ
∫ t
0
dτ ′ exp
(−τ2 − τ ′2)
× exp
(
iβ(1− k2)(τ − τ ′)− k
2
2
(τ − τ ′)2
)
. (29)
Unless k is close to unity the integral over τ and τ ′ will
vanish due to the rapidly oscillating phase factor β(1 −
k2)(τ − τ ′). Thus it is convenient to change the variables
k = 1 + xβ and expand the integrand in the lowest order
of x obtaining
S(1)(t) = α
2
√
2pi
8pi
∫ ∞
−∞
dx
∫ t
0
dτ
∫ t
0
dτ ′ exp
(−τ2 − τ ′2)
× exp
(
i2x(τ − τ ′)− 1
2
(τ − τ ′)2
)
. (30)
Next, evaluating integral over x we get
S(1)(t) = α
2
√
2pi
8
∫ t
0
dτ
∫ t
0
dτ ′δ(τ − τ ′)
× exp
(
−τ2 − τ ′2 − 1
2
(τ − τ ′)2
)
, (31)
and finally the number of scattered atoms is equal to
S(1)(t) = piα
2
16
erf(t
√
2). (32)
In Appendix B the same result is obtained within a clas-
sical model of colliding hard spheres with cross-section
equal to 8pia2.
An important remark concerns the condition for
bosonic stimulation. As we mentioned in the previous
section it occurs when S ≥ 4piβ2. By comparing this
result with Eq. (32) (with t → ∞), we get α/β ≥ 2.
This is a simple condition, which translated into experi-
mental parameters provides the criterion for bosonic en-
hancement in the collision of two condensates. To verify
this condition we evaluate the total number of scattered
atoms up to the third order
S(1) + S(2) + S(3) = piα
2
16
(
1 + c1
α2
β2
+ c2
α4
β4
)
, (33)
where c1 and c2 are numerical coefficients. This suggests
the functional dependence of the form S = piα216 f
(
α2
β2
)
,
where f(0) = 1. Our previous numerical results
[18], obtained both in perturbative and non-perturbative
regimes confirm this suggestion. In Fig.7 we plot the log-
arithm of f versus (α/β)2 and obtain a straight line with
high accuracy. Hence we see that indeed the bosonic
stimulation (manifested by the value of f(α2/β2) be-
ing larger than unity) occurs for α/β ≈ 2. More-
over, function f has an exponential form f [(α/β)2] ≃
exp[0.085 (α/β)2]. Using above formulas one can both
easily estimate number of scattered atoms and predict
whether bosonic enhancement would be present in the
particular physical realization.
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FIG. 7: Elastic collision loss as a function of α2/β2. The
total number of scattered atoms is given by S = pi α
2
16
f
(
α2
β2
)
.
The figure shows that, ln(f) is a linear function of α2/β2 with
slope equal to 0.085.
7D. Number of scattered atoms for t≪ 1.
Characteristic timescales of the signal build up.
In order to analyze the dynamics of 〈δˆ†δˆ〉 on a very
short timescale, we consider the diagonal part of the den-
sity matrix
ρ(k,k, t) =
α2β
√
2pi
32pi2
∫ t
0
dτ
∫ t
0
dτ ′ exp
(−τ2 − τ ′2)
× exp
(
− (τ − τ
′)2k2
2
+ iβ(τ − τ ′) (1− k2)) . (34)
Notice that for very short times (t ≪ 1), all the terms
proportional to squares of τ and τ ′ in the exponents ap-
pearing in Eq. (34) can be dropped. With this simpli-
fication the time integrals can be evaluated analytically,
giving
ρ(k,k, t) =
α2β
√
2pi
32pi2
sin2
(
βt(1 − k2)/2)
(β(1 − k2)/2)2 . (35)
The time evolution of the density of scattered atoms in
a) b)
c) d)
FIG. 8: The density of atoms in momentum space as given
by Eq. (35) for α = 10 and β = 20. The halo of scattered
atoms shrinks, forming a shell around k = 1. The four frames
correspond to increasing times a) t = 0.07tc, b) t = 0.1tc, c)
t = 0.15tc and b) t = 0.4tc, where tc is the collisional time.
kx-ky plane is pictured in Fig.8. It shows that atoms,
which initially scatter isotropically in the momentum
space, eventually form a well pronounced halo around
the k = 1.
To relate Eq. (35) to the number of scattered atoms,
we need to perform the integration over k. Evaluating
angular integral explicitly and changing the variables x =
βt(k2 − 1)/2, we get
S(t) =
α2
√
2pi
8pi
t
∫ ∞
−βt/2
dx
sin2 x
x2
√
2x
βt
+ 1.
This formula can be further simplified in the following
two regimes:
a) βt ≪ 1; we set the lower limit in the integral equal
to zero and use the approximation
√
2x
βt + 1 ≃
√
2x
βt to
obtain
S(t) ≃ α
2
√
2pi
8pi
t
√
2
βt
∫ ∞
0
dx
sin2 x
x2
√
x =
α2
4
√
β
√
t.
b) βt≫ 1; we set the lower limit in the integral equal to
−∞ and use the approximation
√
2x
βt + 1 ≃ 1 to obtain
S(t) ≃ α
2
√
2pi
8pi
t
∫ ∞
−∞
dx
sin2 x
x2
=
α2
√
2pi
8
t.
Let’s discuss the validity of the above result. Notice that
we introduced approximations describing two body inter-
actions by a contact potentials (renormalized delta func-
tion potential). On the other hand any realistic potential
should have a natural ultraviolet cut-off kc. If we extend
the upper limit only up to kc (instead of extending it to
∞) we find in the case a) discussed above a narrow win-
dow of very short times when the number of scattered
atoms grows quadratically in time. On later times dy-
namics will not be affected by the cut-off. Consequently,
the realistic estimate would predict that the number of
scattered atoms should be quadratic function of time for
initial extremely short period, next there is a window of
time when it behaves like a square root, and finally it
turns into linear, semiclassical, regime.
E. Higher order correlation functions
A lot of interesting information about the quantum
systems might be obtained from its correlation functions.
In this section we present and discuss some of their prop-
erties. We focus on equal-time correlation functions in
momentum space. This choice is justified by the fact
that in most experiments performed with Bose Einstein
condensates, the common imaging technique is time-of-
flight absorption, which directly registers the momentum
distribution of the atomic cloud.
The normalized n-th order density correlation function
(n ≥ 2) is defined as:
gn(k1, . . . ,kn, t) =
=
〈δ†(k1, t) . . . δ†(kn, t)δ(kn, t) . . . δ(k1, t)〉
〈δ†(k1, t)δ(k1, t)〉 . . . 〈δ†(kn, t)δ(kn, t)〉 . (36)
We make use of fact that the evolution of δˆ is linear,
which means that δˆ(k, t) is a linear combination of oper-
ators δˆ(k′, 0) and δˆ†(k′, 0); hence
δˆ(k, t) =
∫
dk′
(
U(k,k′, t)δˆ(k′, 0) + V (k,k′, t)δˆ†(k′, 0)
)
.
For such a system Wick’s theorem applies. Since the
averages are calculated in the vacuum state |Ω〉, where
8δˆ(k, 0)|Ω〉 = 0 for all k, all correlation functions decom-
pose into combination of products of a density matrix
ρ(ki,kj , t) and anomalous density m(kl,km, t), defined
as
m(k1,k2, t) = 〈δˆ(k1, t)δˆ(k2, t)〉. (37)
This leads to the growing complexity of the correlation
functions, since in the n-th order, the number of terms
contributing to the gn is of the order of (2n − 1)!!. For
example, the second order correlation function
g2(k1,k2, t) =
〈δˆ†(k1, t)δˆ†(k2, t)δˆ(k2, t)δˆ(k1, t)〉
〈δ†(k1, t)δˆ(k1, t)〉〈δˆ†(k2, t)δˆ(k2, t)〉
takes the form
g2(k1,k2, t) = 1 +
|ρ(k1,k2, t)|2 + |m(k1,k2, t)|2
ρ(k1,k1, t)ρ(k2,k2, t)
. (38)
In the first order, we find an analytical expression for the
anomalous density
m(k1,k2, t) = −i αβ
2
8pi3/2
exp
(
−β
2(k1 + k2)
2
4
)∫ t
0
dτ exp
(
−τ2 − iβτ
(
1− k
2
1 + k
2
2
2
))
(39)
= −iαβ
2
16pi
exp
(
−β
2(k1 + k2)
2
4
− β
2
4
(
1− k
2
1 + k
2
2
2
)2)[
erf
(
t+
i
2
β
(
1− k
2
1 + k
2
2
2
))
− erf
(
i
2
β
(
1− k
2
1 + k
2
2
2
))]
.
The above function reaches its maximum when k1 = −k2
and both vectors are of unit length (k1 = k2 = 1) due to
the energy and momentum conservation.
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FIG. 9: The second order correlation function for k1 = k2 = 1
as a function φ – relative angle between the vectors and α =
20, β = 30. The strong maximum around φ = 0 corresponds
to atom bunching. The maximum around φ = 180◦ is an effect
of correlations of pairs of atoms with opposite momenta.
Combining Eqs (38) and (39) with the expressions for
the density matrix, discussed before, we can find ana-
lytic expression for the second order correlation function
in the first order perturbation theory. In Fig.9 we show
the second order correlation function for k1 = k2 = 1 as
a function of relative angle φ between the vectors. The
maximum around φ = 0 corresponds to the detection of
two scattered particles close to each other. It is greater
than one due to the bosonic statistics of scattered atoms.
This effect is called atom bunching. Since the atoms scat-
ter in pairs of opposite momenta, the g2 correlation func-
tion reveals strong correlation around φ = 180◦. It is ex-
clusively an anomalous density part of the second order
correlation function that contributes to this maximum.
IV. CONCLUSIONS
We studied the nature of the transition from spon-
taneous to stimulated scattering regime in the collision
of two Bose Einstein condensates. Within the first or-
der approximation we derived analytical expressions for
the density matrix and anomalous density. This enabled
us to derive the condition for bosonic stimulation effect.
The characteristic timescales in the dynamics of scattered
atoms were identified. Finally, we showed that scattered
atoms feature both bunching as well as the opposite mo-
menta correlations.
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VI. APPENDIX A
In this appendix we simplify the expression for density
matrix (22) upon evaluating the integral over d3k in the
limit β ≫ 1. The angular part of this integral can be
performed analytically∫
d3k exp
(
−β
2(k2 + k(k1 + k2))
2
)
× exp
(
iβ(τ − τ ′)
(
1− k
2
2
))
=
2pi
∫ ∞
0
k2dk
4
β2|k1 + k2|k sinh
(
β2k|k1 + k2|
2
)
× exp
(
−β
2k2
2
+ iβ(τ − τ ′)
(
1− k
2
2
))
.
Next, using the identity 2(k21 + k
2
2) = |k1 + k2|2 +
|k1 − k2|2, we get
ρ(k1,k2, t) =
α2β2
16pi2
1
|k1 + k2| exp
(
−β
2|k1 − k2|2
8
)∫ t
0
dτ
∫ t
0
dτ ′ exp
(−τ2 − τ ′2 − iβ(τk21 − τ ′k22)/2 + iβ(τ − τ ′))
×
∫ ∞
0
kdk exp
(
−iβ
2
(τ − τ ′)k2
)[
exp
(
−β
2
2
(
k − |k1 + k2|
2
)2)
− exp
(
−β
2
2
(
k +
|k1 + k2|
2
)2)]
. (40)
The most significant contribution to the above in-
tegral comes from the region, where the condition
β|k1 + k2| ≫ 1 is satisfied. In this region, we can
neglect exp
(
−β22
(
k + |k1+k2|2
)2)
in comparison with
exp
(
−β22
(
k − |k1+k2|2
)2)
. Additionally we introduce
a new variable k = |k1+k2|2 +
x
β and get
∫ ∞
0
kdk exp
(
−iβ
2
(τ − τ ′)k2
)
exp
(
−β
2
2
(
k − |k1 + k2|
2
)2)
(41)
=
1
β2
∫ ∞
−β|k1+k2|/2
dx (β|k1 + k2|/2 + x) exp
(
− i
8
(τ − τ ′)
(
β|k1 + k2|2 + 4x|k1 + k2|+ 4x
2
β
))
exp
(−x2/2) .
The condition β|k1 + k2| ≫ 1, together with the
presence of the exponential factor exp
(−x2/2), allow
to extend the lower limit in the integral over x in
Eq. (41) to −∞, and neglect x in comparison with
β|k1 + k2|/2. Due to the presence of the exponential
factor exp
(−τ2 − τ ′2) in the equation (40) we can make
another approximation, namely neglect the phase factor
i(τ − τ ′) x22β . Having all above approximation applied we
can evaluate simple Gaussian integral to get finally
ρ(k1,k2, t) =
α2β
√
2pi
32pi2
exp
(
−β
2|k1 − k2|2
8
)∫ t
0
dτ
∫ t
0
dτ ′ exp
(
−τ2 − τ ′2 − (τ − τ
′)2|k1 + k2|2
8
)
× exp
(
iβτ
(
1− |k1 + k2|
2
8
− k
2
1
2
)
− iβτ ′
(
1− |k1 + k2|
2
8
− k
2
2
2
))
. (42)
VII. APPENDIX B
In this appendix we calculate the collisional loss for two
counter-propagating clouds of classical particles. This
model is meant as a classical counterpart of the collision
10
described in the main body of the paper. To match the
conditions used in the paper we assume a Gaussian den-
sity profile for each of the clouds and we restrict ourself
to the dilute gas limit (nσ0σ ≪ 1), where σ0 is a cross-
section for a collision of two particles and σ is the radius
of the cloud. In this limit we neglect secondary collisions.
We also ignore the depletion of the clouds; this approxi-
mation is valid as long as the fraction of scattered atoms
is small. When the collision is described in the reference
frame associated with one of the clouds, the density of
this cloud is equal to
n1(r) =
N
2pi3/2σ3
exp
[
−x
2
1 + x
2
2 + x
2
3
σ2
]
,
while the other cloud propagates along the x1 axis with
velocity 2v,
n2(r, t) =
N
2pi3/2σ3
exp
[
− (x1 + 2vt)
2 + x22 + x
2
3
σ2
]
.
Here both clouds contain N/2 particles.
The number of particles scattered up to the time t
equals
S(t) = 2×
[∫
d3r n1(r)
∫ t
0
dt′ (n2(r, t′) · 2vσ0)
]
.
Here, the prefactor “2” on the right-hand side accounts
for the fact that in every collision two particles are scat-
tered. For two identical bosons, the cross-section σ0 at
low-energy limit is equal to 8pia2, where a is the s-wave
scattering length. Using the identity
∫ ∞
−∞
exp
(
−x
2
σ2
)
erf
(
x+ 2vt
σ
)
dx =
√
piσ · erf
(√
2vt
σ
)
and rescaling time (t/tC → t), where the collisional time
tC = σ/v, we obtain:
S(t) = N
2a2
σ2
erf(t
√
2) =
α2pi
16
erf(t
√
2).
This result reproduces number of scattered atoms ob-
tained in the quantum model within the first order per-
turbation theory.
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